Introduction
Flow of Taylor bubbles, also known as slug flow, is a common occurrence in wells, riser pipes and pipelines of crude oil and natural gas developments, as well as boiling-water nuclear reactors. Current predictive methods for this flow pattern rely on the so-called mechanistic two-fluid model, where the flow 5 is represented as a series of liquid slugs and Taylor bubbles [43, 30, 2, 32] . For the case of vertical pipes, an axisymmetric lubricating film with a constant thickness surrounds the Taylor bubble. For stagnant liquid, the range of the nondimensional film thickness,h = h/R, where h is the film thickness and R is the pipe radius, is approximatelyh ∈ [0.08, 0.33] [23] . As the pipe inclination 10 increases, the Taylor bubble approaches the pipe wall and the lubricating film becomes significantly thinner and non-axisymmetric; moreover, the thickness of the film decreases along the Taylor bubble due to azimuthal gravity-driven drainage (see figure 1) . If the film breaks up, the surface tension force at the triple contact line reduces the velocity of the bubble significantly [3] . 15 The existence of this lubricating film and its breakup have received some attention in the literature. Maneri and Zuber [25] and Hien and Fabre [14] studied the velocity of plane bubbles in two-dimensional ducts experimentally and numerically, respectively, using deionized (DI) water and methanol. They observed three different bubble shape regimes depending on the duct inclination: to gravity was analyzed by Mysels et al. [28] ; here we extend the analysis to the situation where the component of gravity in the direction of the flow varies continuously and surface tension may affect the dynamics [31] .
In this article, a drainage model and breakup criterion for the lubricating 30 film of Taylor bubbles in slug flow in inclined round pipes is presented. Such criterion can be used to determine under which conditions the lubricating film is present, which is a key input for both numerical simulations [15, 42, 4, 22] and mechanistic modeling of slug flow in order to determine correctly the Taylor bubble velocity and pressure drop. Also, it can be applied in flow assurance 35 studies of high-viscosity oil slug flows, a critical aspect in oil and gas systems:
corrosion of the pipe material causes its blockage, and antioxidants are added to the liquid to avoid it. The prediction of a liquid film above the Taylor bubble so that antioxidants touch the entire pipe is thus key to guarantee their safety.
2. Development of the thin film drainage and breakup model 40 Figure 1 shows the geometry and frame of reference chosen for the analysis of the lubricating liquid film drainage. Let u, v, and w denote the liquid film velocity in the azimuthal, radial, and longitudinal direction, respectively. Use of Cartesian coordinates is justified since h/R 1. Thus, the Navier-Stokes
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where µ is the liquid viscosity, ρ is the liquid density, p is the pressure, F x (φ) = ρg cos(θ) sin(φ) where g is the gravity acceleration, and φ is the azimuthal angle with respect to the vertical. Equation 1 can be simplified using the lubrication approximation, by virtue of which various terms can be neglected:
Note that equation 2c applies equally to the other two inertia terms of the equation after the continuity equation. Also, the pressure term can be neglected,
considering that the pressure differences inside the film due to gravity and surface tension are negligible, and the pressure inside the bubble is constant.
Furthermore, the intermolecular forces are not included in equation 1. The validity of these approximations is verified in AppendixA. Thus, the previous Navier-Stokes equation 1 is simplified and, after imposing the non-slip at the wall and shear-stress-free at the film surface boundary conditions, the azimuthal film velocity profile is found:
a parabolic profile whose approximate shape is depicted in figure 1c . Similarly, the Navier-Stokes equation in the z direction is
where F z = ρg sin(θ). Note that v is much smaller than the other two velocity terms in this lubrication approximation. Following an analogous procedure as in the x direction, equation 5 is simplified and we obtain the longitudinal film velocity profile,
In order to obtain the governing PDE for the film drainage, the continuity equation is used:
where Q x and Q z are the volumetric flow per unit length in the x and z direction, respectively. Using equations 4 and 6, and recognizing that x = φ·R, the second and third terms of the LHS of the previous equation can be developed:
Noting that the three RHS terms of the previous equations are positive, and (∂h/∂z)/(∂h/∂x) 1 by scaling analysis it can be concluded that
and therefore the film drainage PDE becomes
The initial and boundary conditions are
respectively, where equation 11b comes from the solution's symmetry at φ = 0.
An analytical solution for equation 10 can be obtained at φ = 0 using the method of characteristics through the Lagrange-Charpit equations [8] . After some simple algebra, the thin film drainage at φ = 0 is for three different initial film thickness, h i,j , j = 1, 2, 3, at t = 0.01s, 0.1s and 1s. The film thickness at φ = 0, h(φ = 0, t), is independent from the initial film thickness at φ > 0, 
; and a linearly increasing film
Three times are shown in the plot: t = 0.01s, 0.1s and 1s. The film thickness at φ = 0, h(φ = 0, t), coincides for the 70 three cases at all times, which shows that equation 12 is valid independently of the initial film thickness at φ > 0, h i (φ > 0).
Film breakup criterion in Taylor bubbles of slug flow
When the film drains to a critically low thickness, namely the critical thickness, h c , it breaks. The breakup of liquid films between approaching particles 75 and/or bubbles is an important step in coagulation processes in colloidal systems, e.g. the interaction of an air bubble with a solid particle in the industrial flotation processes in mineral processing, paper recycling and waste water treatment [37, 29, 26] . Two breakup mechanisms take place in wetting films [40, 38] :
(i) capillary wave or spinoidal dewetting, and (ii) nucleation.
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The capillary wave mechanism is based on classic hydrodynamic stability of the forces involved in the Derjaguin-Landau-Verwey-Overbeek (DLVO) theory, such as van-der-Waals and electrostatic double-layer interactions. Sheludko [39] derived the condition for kinetic instability of the film based on the capillary surface wave phenomenon. Vrij [47] obtained the critical wavelength, λ c , in an 85 explicit form, and derived two limiting expressions for the critical thickness, h c , for negligible disjoining pressure with respect to the capillary pressure, and vice versa.
Nucleation refers to the presence of nanobubbles on a hydrophobic solid surface [16, 44, 17, 45, 24, 40, 41] . The mechanism here is similar to the film 90 breakup in foam films, which has been extensively studied [7, 5] .
In this context, fluids typically present in oil and gas systems and nuclear reactors wet the pipe surfaces, thus, the capillary wave mechanism applies.
Based on this critical thickness, h c , equation 12 can be nondimensionalized:
where
is the characteristic film drainage time. to the nondimensional time,t.
As explained above, film breakup occurs when the film drains to h c , i.e., whenh = 1. For the applications described in section 1, it is important to establish a criterion for the film to remain above the bubble. To be certain that the film is not broken, we can impose that the film thickness should be ten times bigger than the critical thickness, h/h c =h > 10. Based on equation 13
and figure 3 , and assuming that h 0 /h c > 10, this is satisfied when the time the film is draining is lower than 0.01τ . At a given pipe cross section, the film at φ = 0 drains while the bubble is passing below (see figure 1b) . Thus, the film drainage time is equal to the bubble's passage time, t bubble . Thus, the criterion to avoid film breakup in Taylor bubble flow becomes: and an estimated length for individual bubbles.
Experimental validation
In order to validate the film drainage and breakup model, experiments of Taylor bubbles in inclined pipes of stagnant liquid are performed. There, the drainage time until the lubricating film breaks, t breakup , is measured for different liquids and inclination angles (see figure 4 ). This breakup occurs whenh = 1.
Based on equation 13 , and assuming that h 0 /h c 1, this corresponds to a nondimensional drainage time,t breakup , equal to 1, that is,
All the values of this equation but the breakup film thickness, h c , are experimentally measured. Based on equation 16, the reported quantitȳ should be constant for every inclination angle and each liquid. Thus, an estimate of the film critical thickness can be obtained from the experimental measurements,
The experimental setup, shown in figure 5 , consists of a High Speed Camera To rerun the experiment, the liquid contained between valves "b" and "c" is 
Conclusions
In summary, it is important to predict under which conditions the lubricating film above a Taylor bubble in slug flow is present. In this article, an analytical model predicting the gravity-induced drainage of the thin film is presented, and from it a criterion to avoid the film breakup is derived:t bubble = t bubble /τ < 0.01.
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The model has been experimentally validated through Taylor bubbles in inclined pipes of stagnant liquids.
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high-viscosity oil 2·10 In order to validate equation 3, the solution of the film thickness evolution accounting for the hydrostatic pressure and surface tension effects is successfully compared with the solution of equation 10. Also, the intermolecular forces are included through the intermolecular potential function in the liquid, Φ, accounting for the difference behavior between a thin film and a bulk liquid [35] . To include these effects, we first look at the Navier-Stokes equation in the
where F y (φ) = ρg cos(θ) cos(φ), δ is the Dirac delta function, and κ = h /(1 + h 2 ) 3/2 is the curvature, where h = ∂h/∂x, and h = ∂ 2 h/∂x 2 . Considering only van-der-Waals forces and neglecting electrical double layer interactions since there was no dilute electrolyte in the fluids studied, the intermolecular potential function, Φ, is
where A is the Hamaker constant which is negative when attractive [36] . As a conservative estimate, A = −1 · 10 −19 J in this study [18] . Since v is much smaller than the other two velocity terms in this lubrication approximation, the equation can be simplified to
Equation A.3 can be integrated from y to h + , where h + is located at the interface on the gas side:
that is
.5 can be differentiated with respect to x:
where h = ∂ 3 h/∂x 3 . The Navier-Stokes equation in the x direction, equation
1, is slightly modified by adding the intermolecular potential term, ∂φ/∂x = −Ah /2πh 4 . After some algebra, the azimuthal film velocity u becomes
and the film drainage PDE is now
The initial and boundary conditions are the same as in equations 11. In order to solve equation A.8, a finite difference (FD) scheme is implemented in MATLAB R [27] . Matlab R ODE schemes for the time marching, and 2 nd -order backward upwind schemes for the space derivatives are used. 
